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Waterflooding	  is	  one	  of	  the	  most	  successful	  and	  widely	  used	  techniques	  to	  increase	  oil	  recovery.	  This	  technique	  is	  mostly	  
applied	  to	  the	  light	  and	  medium	  oil	  type	  once	  the	  reservoir's	  natural	  drive	  mechanism	  is	  exhausted	  or	  the	  economic	  limit	  of	  
the	  project	  has	  been	  achieved.	  Several	  secondary	  predictions	  have	  been	  developed	  and	  are	  available	  in	  the	  literature.	  Most	  
of	   them	  utilize	  mathematical	   correlations	  and	  are	  developed	   to	   solve	   simple	  problems.	  Others	  are	   for	   complex	  problems	  
and	  depend	  on	  numerical	  simulations	  or	  disruptive	  techniques	  like	  artificial	  intelligence.	  The	  effect	  of	  oil	  and	  water	  viscosity,	  
dip	  angle	  and	  water	  injection	  rate	  on	  waterflooding	  performance	  using	  the	  classical	  frontal	  displacement	  theory	  developed	  
by	  Buckley-‐Leverett	  has	  been	  employed	  in	  this	  study.	  The	  horizontal	  approach	  is	  used	  as	  base	  study	  and	  two	  different	  types	  
of	  oil	  (2	  cp	  viscosity	  and	  16	  cp)	  were	  used.	  The	  results	  show	  the	  advance	  of	  the	  injected	  waterfront	  are	  faster	  on	  heavy	  oil	  
than	   in	   light	   oil	   reservoirs.	  However,	   in	   this	   case,	   a	   significant	   amount	  of	  mobile	   oil	   remains	   behind	   the	  waterfront.	   The	  
cumulative	  oil	  production	  from	  the	  light	  oil	  at	  the	  end	  of	  breakthrough	  is	  53%	  which	  is	  13	  %	  more	  than	  that	  of	  the	  heavy	  oil.	  
	  

	  
1.	  INTRODUCTION	  

Hydrocarbon	   recovery	   is	   at	   the	   heart	   of	   oil	   production	   from	  
underground	   reservoirs	   [1,2]	   and	   occurs	   through	   three	  main	   processes:	  
primary	  oil	  recovery	  (natural	  flow),	  secondary	  oil	  recovery	  (conventional	  
recovery)	   and	   enhanced	   oil	   recovery	   (EOR)	   also	   known	   as	   tertiary	  
recovery	  [1–6].	  During	  the	  primary	  and	  secondary	  recovery	  stages,	  mobile	  
oil	   is	   easily	   extracted	   whereas	   EOR	   is	   adapted	   properly	   to	   extract	  
immobile	  oil	  trapped	  under	  capillary	  and	  viscous	  forces	  [6].	  

Once	   the	   primary	   drive	   mechanism	   has	   been	   exhausted,	   the	   water	  
flooding	  process	   is	   a	   common	  and	  most	   economically	  method	  used	   to	  
support	  the	  reservoir	  pressure	  and	  increase	  the	  oil	  recovery	  [7].	  Although	  
the	   studies	   report	   that	   the	   worldwide	   average	   oil	   recovery	   through	  
waterflooding	   is	   1/3	   of	   the	   original	   oil	   in	   place,	   it	   is	   widely	   used	   to	  
displace	   oil	   due	   to	   its	   availability,	   environmentally	   friendly,	   and	   high	  
efficiency	   when	   compared	   to	   the	   primary	   recovery	   method	   or	   before	  
any	  other	  approach	  such	  as	  advanced	  method	  has	  been	  employed.	  This	  
is	   accomplished	  by	  voidage	   replacement	   process	  which	   is	   the	   injection	  
of	   water	   to	   increase	   the	   reservoir	   pressure	   to	   its	   initial	   level	   and	  
maintain	  it	  near	  that	  pressure	  [8].	  

Several	   factors	   such	   as	   reservoir	   geometry,	   fluid	   properties,	   reservoir	  
depth,	   lithology	   and	   rock	   properties,	   fluid	   saturations,	   reservoir	  
uniformity	   and	   pay	   continuity,	   and	   primary	   reservoir-‐driving	  
mechanisms	   are	   essential	   to	   determine	   the	   suitable	   candidate	   for	  
waterflooding	  operations.	  

The	   waterflooding	   is	   performed	   in	   four	   different	   groups	   of	   injection	  
patterns.	  These	  are	  the	  irregular	  injection	  patterns,	  peripheral	  injection	  
patterns,	  regular	   injection	  patterns,	  crestal	  and	  basal	   injection	  patterns	  
[9].	   The	   selection	   of	   the	   suitable	   flooding	   patterns	   depends	   on	   the	  
number	   and	   location	  of	   existing	  wells.	   	   In	  most	   cases,	   producing	  wells	  
can	  be	  converted	  to	  injection	  wells	  or	  drilling	  new	  injection	  wells	  [9].	  

The	   waterflooding	   technique	   was	   introduced	   accidently	   in	   1865	   in	  
Pothole,	   Pennsylvania,	   by	   flowing	  water	   from	   a	   shallow	  water-‐bearing	  
layer	  into	  the	  lower	  oil	  pay	  zone	  [7].	  In	  1924,	  the	  water	  was	  first	  injected	  
by	  a	  five-‐spot	  pattern	  in	  Bradford	  field	  [7,8,10,11].	  Several	  analytical	  models	  

were	   developed	   and	   available	   in	   the	   literature	   for	   waterflooding	  
performance.	   Examples	   of	   the	   common	   ones	   and	   widely	   used	  
approaches	   include	   Dykstra-‐Parsons,	   Buckley-‐Leverett,	   Craig-‐Geffen-‐
Morse	  (CGM),	  and	  Stiles.	  	  

Dykstra-‐Parsons	  developed	  the	  approach	  to	  predict	  the	  performance	  of	  
waterflooding	  in	  noncommunicating	  stratified	  reservoirs	  [11].	  The	  work	  of	  
Dykstra-‐Parsons	   was	   extended	   by	   Reznik	   in	   bases	   of	   real-‐time.	   While	  
Stiles	   in	  his	   studies	  assumed	  the	  displacement	  velocity	   in	  a	   layer	   to	  be	  
proportional	   to	   its	   absolute	   permeability	   neglecting	   the	   effect	   of	  
mobility	   ratio.	  Hiatt	   presented	   a	  model	   for	   communicating	   layers	  with	  
complete	   crossflow	   [12].	   Then,	   Warren	   and	   Cosgrove	   applied	   Hiatt’s	  
model	  to	  stratified	  systems	  with	  a	  log	  normal	  permeability	  distribution.	  
Another	  work	  was	  reported	  by	  Hearn.	  He	  presented	  expressions	  for	  the	  
pseudo	   relative	   permeability	   functions	   for	   communicating	   stratified	  
reservoirs	  [12].	  	  	  

Buckley	   and	   Leverett	   developed	   a	   well-‐known	   frontal	   displacement	  
theory	  [9].	  The	  classical	  theory	  consists	  of	  two	  basic	  equations.	  Fractional	  
flow	   equation	   and	   frontal	   advance	   equation.	   However,	   the	   two	  
approaches	   are	   similar	   in	   nature	   but	   are	   differentiated	   by	   time.	  
However,	  both	  characterize	  the	  mechanics	  of	  oil	  movement	  while	  being	  
displaced	  from	  the	  reservoir	  by	  injected	  fluid.	  

The	   frontal	   advance	   equation	   also	   known	   as	   the	   Buckley-‐Leverett	   and	  
Welge	   tangent	   method	   is	   used	   to	   obtain	   the	   outlet	   and	   average	  
saturations	   in	   each	   layer	   which	   is	   used	   to	   obtain	   the	   fractional	   oil	  
recovery	  and	  water	  cut	  of	  each	   layer.	  Summation	  over	  all	   layers	  yields	  
the	  performance	  of	   the	   total	   system	   [13].	  A	   frontal	  displacement	   theory	  
approach	   is	  presented	  to	  evaluate	  the	  waterflooding	  performance.	  The	  
effect	  of	  some	  parameters	  such	  as	  oil	  and	  water	  viscosity,	  dip	  angle	  and	  
injection	  rate	  on	  waterflooding	  performance	  are	  evaluate	  in	  this	  work.	  	  

2.	  ASSUMPTIONS	  

This	  study	  assumes	  that:	  

1.	  The	  system	  is	  linear	  and	  of	  constant	  thickness.	  

2.	  The	  flow	  is	  isothermal,	  incompressible,	  and	  obeys	  Darcy’s	  law.	  

3.	  Capillary	  forces	  are	  negligible.	  
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4.	   The	   system	   is	   homogeneous	   with	   uniform	   thickness	   and	   constant	  
permeability.	  

5.	  Porosity	  characteristics	  are	  the	  same	  for	  all	  systems.	  

6.	   The	   initial	   fluid	   saturation	   is	   uniform	   at	   the	   irreducible	   water	  
saturation.	  

	  
3.	  METHODOLOGY	  (MATHEMATICAL	  MODEL)	  

The	  basic	  equations	  of	  the	  mathematical	  model	  and	  the	  approaches	  are	  
presented	   in	   this	   section.	   	   	  The	  water	   fractional	   flow	  curve	  and	   frontal	  
advance	  approaches	   are	  used	   in	   this	   study.	   These	   two	  approaches	   are	  
well	   known	   as	   classical	   frontal	   displacement	   theory	   developed	   by	  
Buckley	  –	  Leverett.	  	  

3.1.	  Fractional	  flow	  equation	  
The	  water	   fractional	   flow	  curve	  used	  for	  the	  study	   is	  derived	  from	  two	  
immiscible	  fluids:	  oil	  as	  displaced	  fluid	  and	  water	  as	  displacing	  fluid	  and	  
is	  expressed	  accord	  Equation	  1.	  

𝑓! =
𝑞!

𝑞! + 𝑞!
=
𝑞!
𝑞!

	   	  	  (1)	  

At	  the	  irreducible	  (connate)	  water	  saturation,	  the	  water	  flow	  rate	  is	  zero	  
(Eq.	  1).	  Therefore,	  the	  water	  cut	  (fw)	  is	  0	  %.	  At	  the	  residual	  oil	  saturation	  
point	   (Sor)	   the	  oil	   flow	  rate	   is	   zero	  and	  the	  water	  cut	   reaches	   its	  upper	  
limit	  of	  100%	  [9].	  

The	  water	  flow	  rate	  and	  oil	  flow	  rate	  from	  the	  fractional	  flow	  equation	  
of	  water	  or	  water	  cut	  equation	  (Eq.	  1),	  can	  be	  expressed	  as:	  

𝑞! = 𝑓!𝑞! 	   (2)	  
	  and	  

𝑞! = (1 − 𝑓!)𝑞! 	   (3)	  
	  
Where	  

𝑓! + 𝑓! = 1	   (4)	  
Applying	   Darcy’s	   law	   equation,	   assuming	   homogeneous	   system	   for	  
steady-‐state	  flow	  and	  combining	  capillary	  pressure	  definition	  Eq.	  1	  can	  
be	  expressed	  as	  [9]:	  

𝑓! =
1 + 𝑘𝑘!"𝐴

𝜇!𝑞!
𝜕𝑝!
𝜕𝑥 − 𝑔∆𝜌  sin  (𝛼)

1 + 𝑘!"
𝑘!"

𝜇!
𝜇!

	  

(5)	  

	  
	  In	  field	  units,	  Eq.5	  can	  be	  expressed	  as	  [9]:	  
𝑓!

=
1 + 1.127×10!!𝑘𝑘!"𝐴

𝜇!𝑞!
𝜕𝑝!
𝜕𝑥 − 0.433𝑔∆𝜌  sin  (𝛼)

1 + 𝑘!"
𝑘!"

𝜇!
𝜇!

	  

(6)	  

Assuming	   horizontal	   flow	   and	   ignoring	   capillary	   pressure	   gradient,	  
Eq.5	  can	  be	  expressed	  as:	  	  

𝑓! =
1

1 + 𝑘!"𝜇!
𝜇!
𝑘!"

	  
(7)	  

The	  given	  physical	  properties	  of	  the	  reservoir	  are	  used	  for	  calculations	  
and	  the	  curve	  of	  fw	  verses	  Sw	  is	  plotted	  from	  Swi	  up	  to	  Sw	  =	  1	  –	  Sor.	  The	  
plots	   can	  also	  be	   linked	   to	   the	  given	  dimensionless	  water	   saturation	  
(SwD).	  

Then,	   the	   sensitivity	   analysis	   is	   performed	   by	   changing	   the	   oil	   and	  
water	   viscosity,	   water	   injection	   rate,	   and	   horizontality	   and	   non-‐
horizontality	  effect	  of	   the	  reservoir	   (dip	  angle	  concept)	  on	  the	  water	  
fractional	  flow	  equation.	  Equation	  3	  is	  used	  to	  evaluate	  the	  impact	  of	  
water	  fractional	  flow	  in	  oil	  flow	  rate	  on	  waterflooding	  operation.	  

	  
3.2	  Frontal	  Advance	  approach	  
For	   frontal	   advance	   approach,	   the	   tangential	   points	   from	   the	   initial	  
water	  saturation	  are	  drawn	  on	  water	   fractional	   flow	  curve.	  Then	  the	  
extended	   curve	   from	   interval	   of	   the	   water	   saturation	   at	   the	  
breakthrough	   is	   plotted.	   The	   mathematical	   expression	   for	   frontal	  
advance	  equation	  can	  be	  expressed	  as	  [9,14]:	  

	  

𝑥! =
𝑞!
𝐴Φ

𝑑𝑓!
𝑑𝑆! !!"

	  

	  

(8)	  

Also	  written	  as:	  
𝑥!
𝐿 = 𝑄!(𝑡)

𝑑𝑓!
𝑑𝑆! !!!

	  

	  

(9)	  

The	  tangential	  points	  can	  also	  be	  computed	  mathematically	  as:	  
𝑑𝑓!
𝑑𝑆!

=
𝐴𝐵 𝑛𝑆!"!!! 1 − 𝑆!" ! +𝑚𝑆!"! 1 − 𝑆!" !!!

𝑆!"! + 𝐴 1 − 𝑆!" ! ! 	  

(10)	  

where	  

𝐴 =
𝛼!𝜇!
𝛼!𝜇!

	   (11)	  

and	  

𝐵 =
1

1 − 𝑆!" − 𝑆!"
	  

(12)	  

	  
Equation	  10	  is	  derived	  from:	  

𝑓! =
𝑆!"!

𝑆!"! + 𝑆!"!
	  

(13)	  

Where	  
𝑘!" = 𝛼! 1 − 𝑆!" ! 	  

	  
(14)	  

𝑘!" = 𝛼!𝑆!"! 	  
	  

	  	  (15)	  

𝑆!" =
𝑆! − 𝑆!"

1 − 𝑆!" − 𝑆!"
	  

	  	  (16)	  

The	  main	  purpose	   is	  to	  read	  three	  main	  variables	  by	  drawing	  several	  
tangents:	  water	  saturation	  and	  water	  fractional	  flow	  at	  breakthrough,	  
and	   average	   water	   saturation	   at	   breakthrough(𝑆!" , 𝑓!" , 𝑆!").	   These	  
variables	  are	  replaced	  by	  Sw2,	  fw2,	  𝑆!!.	  	  

The	  pore	  volume	  of	  contacted	  water	  can	  be	  calculated	   first	  with	   the	  
obtained	   information,	   then	   the	   time,	   cumulative	   oil	   production,	   oil	  
flow	   rate,	   and	   water-‐oil	   ratio	   are	   identified.	   These	   equations	   are	  
described	  in	  the	  next	  stages	  of	  this	  section.	  

The	  cumulative	  pore	  volumes	  injected	  (PVI)	  also	  known	  as	  number	  of	  
waters	  contacted	  pore	  volumes	  (Qi)	  can	  be	  calculated	  as	  

[9,14]:	  

	  

𝑄! =
𝑆!" − 𝑆!"
1 − 𝑓!"

=
𝑆!! − 𝑆!!
1 − 𝑓!!

	  
(17)	  

	  The	  time	  and	  cumulative	  oil	  production	  can	  be	  expressed	  as:	  

𝑡 =
𝑄!×𝑉!
𝑞!

	  
(18)	  

𝑁! = 𝑉! 𝑆!! − 𝑆!" 	  
	  

(19)	  

Equation	   19	   is	   valid	   for	   the	   values	   equal	   and	   greater	   of	   water	  
saturation	   at	   breakthrough.	  At	   initial	  water	   saturation,	   instead	  using	  
Eq.	  19,	  is	  recommended	  using	  Eq.	  20.	  

𝑁! = 𝑉!𝑄! 	  
	  

(20)	  

Oil	  flow	  rate	  is	  computed	  using	  Eq.	  3,	  replacing	  fw	  by	  fw2.	  The	  WOR	  is	  
computed	  as:	  	  

𝑊𝑂𝑅 =
𝑓!!

1 − 𝑓!!
=
𝑓!!
𝑓!!

	  

	  

(21)	  

Oil	  recovery	  displacement	  efficiency	  (ED)	  can	  be	  expressed	  as:	  

𝐸! =
𝑆!" − 𝑆!"
1 − 𝑆!"

	  

	  

(22)	  

Time	  can	  also	  be	  expressed	  combining	  Eqs.	  17	  and	  18:	  
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𝑡 =
𝑆!" − 𝑆!"
1 − 𝑓!"

𝑉!
𝑞!
	  

	  

(23)	  

4.0	  RESULTS	  AND	  DISCUSSION	  
The	  oil	   and	  water	   relative	  permeabilities	   relations	  used	   in	   this	   study	  
are:	  

𝑘!" = 1 − 𝑆!" !.!"	  
	  

	  	  (24)	  

𝑘!" = 0.78𝑆!"!.!"	   	  	  (25)	  
The	   relation	   for	   SwD	   is	   represented	   using	   Eq.	   16.	   The	   reservoir	   is	  
narrow	   “shoestring”	   with	   porosity	   of	   15%	   and	   formation-‐volume	  
factor	   for	  both	  oil	  and	  water	   is	  1.0.	  Water	   injection	  rate	  of	  338	  B/D.	  
The	  other	  parameters	  are	  listed	  in	  Table	  1	  
	  
Table	  1:	  Rock	  and	  fluid	  physical	  proprieties.	  Adapted	  from	  [9]	  
Parameter	   Value	   Parameter	   Value	  
Porosity	   0.15	   Oil	  viscosity	   2.0	  cp	  
Thickness	   20	  ft	   Initial	   Water	  

Saturation	  
0.363	  

Water	  viscosity	   1.0	  cp	   Residual	   oil	  
saturation	  

0.205	  

Permeability	   100	  md	   Wellbore	  radius	   0.5	  ft	  
Oil	  density	   45	  lb/ft3	   Water	  density	   64	  lb/ft3	  
Angle	   20º	   Length	   1000	  ft	  
Width	   300	  ft	   	   	  
	  
Figure	   1	   shows	   the	   dimensionless	   water	   saturation	   as	   a	   function	   of	  
both	  water	  and	  oil	  permeability.	  The	  saturation	  points	  of	  intersection	  
between	  Kro	   and	  Krw	   is	   greater	   than	  50%.	   This	   represents	   the	   typical	  
water-‐wet	  reservoir	  structure.	  	  

	  
Figure	  1:	  Water-‐wet	  reservoir	  relative	  permeability	  as	  a	  function	  of	  

dimensionless	  water	  saturation.	  
	  

Water	  and	  oil	  flow	  during	  waterflooding	  operations.	  Oil	  flows	  through	  
the	  largest	  pores	  spaces	  with	  high	  value	  of	  oil	  relative	  permeability.	  In	  
a	  reservoir	  system	  with	  oil	  and	  water,	  it	  is	  well	  known	  that:	  

𝑆! + 𝑆! = 1	   (26)	  
This	   implies	   that	   if	   water	   saturation	   increases,	   oil	   saturation	  
decreases,	   thus,	   oil	   relative	   permeability	   decreases.	   During	   water	  
injection	   process,	   while	   oil	   moves	   from	   the	   smaller	   to	   larger	   pore	  
spaces,	  the	  throats	  formally	  filled	  with	  oil	  are	  replaced	  by	  water.	  

Once	   the	   pressure	   is	   not	   sufficient	   to	   overcome	   the	   viscous	   and	  
capillary	  pressure	  for	  the	  water	  saturated	  pore	  throat,	  this	  leads	  to	  a	  
trapped	  oil	   in	  place	   [13].	   The	  water	   fills-‐up	   the	   continuous	   flow	  paths	  
and	  oil	  stops	  flowing	  (trapped	  in	  large	  pores).	  	  This	  trapped	  oil	  is	  one	  
target	  of	  enhanced	  oil	  recovery	  methods.	  

The	  plot	  of	  saturation	  vs	  water	  cut	  is	  S	  –	  shaped,	  as	  shown	  in	  Figure	  2.	  
The	   limits	  of	   the	   fw	  curve	   (0	  and	  1)	  are	  defined	  by	   the	  end	  points	  of	  
the	  relative	  permeability	  curves.	  	  

	  

	  
Figure	  2:	  Water	  fractional	  flow	  (water	  cut)	  curve	  vs	  saturation	  

	  
During	  oil	  displacement	  by	  water	  injection	  (waterflood),	  an	  increase	  in	  
fw	   at	   any	  point	   in	   the	   reservoir,	   causes	   a	  proportional	   decrease	   in	   fo	  
and	  oil	  mobility	  (Eq.	  4	  and	  Figure	  3).	  

	  
Figure	  3:	  Behaviour	  of	  Oil	  and	  water	  fractional	  flow	  curves	  in	  term	  of	  

water	  saturation.	  
	  

Therefore,	   it	   is	   crucial	   to	   select	   a	   suitable	   injection	   scheme	   in	  
waterflooding	  operations	  that	  reduces	  the	  fractional	  flow	  of	  water.	  To	  
reduce	   the	   negative	   effect	   of	   water	   cut,	   some	   parameters	   such	   as	  
viscosity	   of	   the	   injected	   water,	   formation	   dip	   angle,	   and	   water	  
injected	  rate	  on	  the	  water	  cut	  must	  be	  investigated.	  The	  overall	  effect	  
of	  these	  parameters	  on	  the	  water	  fractional	  flow	  curve	  are	  discussed	  
next.	  

4.1	  The	  effect	  of	  viscosity	  on	  fw	  and	  qo	  curves	  
Capillary	   pressure	   gradient	   and	   gravity	   effect	   are	   ignored	   in	   this	  
approach.	  This	  implies	  using	  Eq.7.	  The	  analysis	  shows	  that,	  the	  higher	  
injected	  water	   viscosities,	   the	   higher	   the	   value	   of	   the	   denominator,	  
leading	  to	  overall	  fractional	  flow	  decrease.	  This	  is	  illustrated	  in	  Figure	  
4	  with	  downward	  shift	  of	  the	  curves.	  

	  
Figure	  4:	  The	  effect	  of	  water	  viscosity	  on	  water	  cut	  (fw).	  
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The	   reduction	   of	   water	   cut,	   increases	   the	   oil	   flow	   rate	   in	  
waterflooding	  operations.	  This	  is	  illustrated	  in	  Figure	  5	  using	  Eq.	  3.	  For	  
example,	  the	  injected	  water	  viscosity	  of	  10	  cp	  (the	  highest	  used	  in	  this	  
analysis)	   is	   shifted	   to	   the	   right	   meaning	   more	   oil	   displacement	  
compared	  to	  the	  others	  tested	  in	  this	  study.	  Increasing	  oil	  recovery	  by	  
water	   cut	   reduction	   is	   a	   requirement	   for	   successful	   water	   flooding	  
operations.	  

	  
Figure	  5:	  Effect	  of	  water	  injected	  viscosity	  in	  oil	  flow	  rate	  

	  
The	   effect	   of	   oil	   viscosity	   on	   water	   cut	   is	   also	   investigated	   in	   this	  
study.	   The	   result	   illustrates	   that,	   a	   higher	   oil	   viscosity	   results	   in	   an	  
increase	  (an	  upward	  shift)	  in	  the	  fractional	  flow	  curve	  (Figure	  6).	  

	  
Figure	  6:	  The	  effect	  of	  oil	  viscosity	  on	  water	  cut	  (fw)	  

	  
The	  water	  fractional	  flow	  curve	  of	  light	  oil	  showed	  a	  regular	  S-‐shape.	  
The	   application	   of	   this	   curve	   to	   the	   waterflooding	   method	   showed	  
that	  a	  large	  amount	  of	  mobile	  oil	  in	  the	  reservoir	  is	  displaced	  by	  water	  
injection.	   In	   contrast,	   the	   fractional	   flow	   curve	   of	   heavy	   oil	   did	   not	  
display	   an	   S-‐shape	   because	   of	   its	   high	   viscosity,	   and	   a	   significant	  
amount	  of	  mobile	  oil	  remains	  in	  the	  reservoir	  behind	  the	  waterfront.	  

4.2	  The	  effect	  of	  dip	  angle	  on	  water	  fractional	  flow	  (fw)	  
The	   effect	   of	   dip	   reservoir	   angle	   on	   water	   fractional	   flow	   curve	   is	  
evaluated	   in	   this	  section.	  According	  to	  the	  given	  physical	  data	   (Table	  
1)	   of	   the	   field,	   knowing	   that	   for	   the	   updip	   displacement	   sin	   (𝛼)	   is	  
positive,	  then	  from	  Eq.	  6	  can	  be	  expressed:	  
	  

𝑓! =
1 − 4.787𝑘!" sin  (𝛼)

1 + 0.5 𝑘!"
𝑘!"

	  
(27)	  

Alternatively,	  for	  downdip	  displacement	  where	  sin	  (𝛼)	  is	  negative:	  

𝑓! =
1 + 4.787𝑘!" sin  (𝛼)

1 + 0.5 𝑘!"
𝑘!"

	  
(28)	  

	  
The	   result	   is	   plotted	   in	   Figure	   7	   for	   both	   20	   degrees	   downdip	   and	  
updip	   angle.	   The	  updip	   flow	   represents	   the	  oil	   updip	   is	   displaced	  by	  

water.	   The	   injection	   well	   is	   located	   downdip	   and	   more	   efficient	  
performance	   is	   reached.	   The	   sin	   (𝛼)	   is	   positive,	   and	   numerator	   will	  
always	  remain	  negative.	  This	  effect	   leads	  to	  a	  downward	  shift	  of	   the	  
water	  fractional	  flow	  curve	  (decrease	  of	  fw	  curve)

	  [9].	  

	  
Figure	  7:	  Effect	  of	  dip	  angle	  on	  water	  cut,	  fw.	  

	  
Since	  the	  downdip	  the	  sin	  (𝛼)	   is	  negative,	  the	  numerator	  of	  Eq.6	  will	  
always	  remain	  positive.	  The	  oil	  is	  displaced	  downdip.	  In	  this	  case,	  the	  
injection	   well	   is	   located	   updip,	   which	   causes	   an	   increase	   in	   the	   fw	  
curve	   (upward	   shift).	   This	   scenario	   is	   beneficial	  when	   injection	  wells	  
are	   located	   at	   the	   top	   of	   the	   structure.	   The	   water	   is	   injected	   at	   a	  
higher	  injection	  rate	  to	  improve	  the	  displacement	  efficiency	  [9].	  

The	  sensitivity	  analysis	   is	  performed	  assigning	   the	  value	  of	   the	  angle	  
to	  5,	  10,	  15,	  and	  20	  degrees	  for	  both	  updip	  and	  downdip.	  The	  result	  is	  
depicted	  in	  Figure	  8.	  

	  
Figure	  8.	  Sensitive	  analysis	  of	  the	  effect	  of	  the	  dip	  angle	  on	  water	  

fractional	  flow	  curve	  
	  
From	  the	  Figure	  8,	   for	   the	  updip	  displacement,	   the	  higher	   the	  angle,	  
the	  water	  fractional	  flow	  curve	  shifts	  to	  the	  right.	  This	  action	  is	  inverse	  
to	  the	  downdip	  displacement	  flow.	  

It	   is	   important	   to	   recall	   that	   the	   possibility	   exists	   for	   the	   cases	   of	   fw	  
being	   greater	   than	   one.	   This	   phenomenon	   is	   known	   as	   counterflow.	  
This	  occurs	  when	  displacing	  the	  oil	  downdip	  at	  a	   low	  water	   injection	  
rate.	   The	   oil	   phase	   is	   moving	   in	   a	   direction	   opposite	   to	   that	   of	   the	  
water.	  Oil	  is	  moving	  upward	  and	  the	  water	  downward	  [9].	  

The	  other	  case	  that	  the	  water	  fractional	  flow	  curve	  is	  greater	  than	  one	  
is	   when	   the	   water-‐injection	   wells	   are	   located	   at	   the	   top	   of	   a	   tilted	  
formation.	   The	   injection	   rate	  must	   be	   high	   to	   avoid	   oil	  migration	   to	  
the	  top	  of	  the	  formation.	  So,	  in	  this	  case	  water	  fractional	  flow	  curve	  is	  
greater	  than	  one	  [14].	  

4.3	  The	  effect	  of	  Injection	  rate	  on	  water	  fractional	  flow	  
For	   horizontal	   reservoir	   or	   the	   cases	   that	   the	   dip	   angle	   is	   zero,	   the	  
injection	  rate	  has	  no	  effect	  on	  the	  fractional	  flow	  curve	  (Eq.	  7).	  	  
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The	  injection	  rate	  was	  evaluated	  by	  changing	  the	  given	  total	  pumping	  
rate	  of	  338	  B/D	  to	  1000	  B/D,	  2000	  B/D,	  3000	  B/D,	  and	  4000	  B/D.	  The	  
result	  of	  the	  study	  is	  illustrated	  in	  Figure	  9.	  Thus,	  the	  higher	  the	  total	  
water	   injection	   rate,	   the	   more	   the	   curve	   is	   shifted	   to	   the	   left.	   The	  
smaller	   the	   total	   injection	   rate,	   the	  more	   the	   curve	   is	   shifted	   to	   the	  
right.	  
	  

	  	  
Figure	  9:	  The	  effect	  of	  water	  injection	  rate	  on	  water	  fractional	  flow	  

curve	  
	  

This	   shows	   that	   the	   higher	   the	   injection	   rate	   the	   higher	   the	   water	  
fractional	   flow	   curve.	   Then,	   designing	   a	   suitable	   injection	   rate	   is	  
crucial	   in	   waterflooding	   operations.	   The	   main	   purpose	   of	   these	  
operations	   is	   in	   reducing	   the	   water	   cut	   and	   increase	   the	   oil	  
production.	  

Frontal	   Advance	   approach	   of	   Buckley-‐Leverett	   is	   presented	   to	  
evaluate	  the	  displaced	  oil	  in	  reservoir.	  The	  water	  fractional	  flow	  curve	  
versus	  saturation	  of	  the	  given	  data	  (Table	  1)	  is	  presented	  in	  Figure	  10.	  
The	  tangential	  linear	  curve	  is	  plotted	  from	  the	  initial	  water	  saturation.	  	  	  	  	  

	  

	  
Figure	  10:	  Fractional	  flow	  curve	  with	  tangent	  drawn	  to	  find	  water	  

saturation	  at	  breakthrough	  (Swf)	  for	  the	  given	  data	  (light	  oil).	  
	  
The	   point	   of	   tangency	   defines	   the	   breakthrough	   or	   flood	   front	  
saturation,	   Swf.	   Saturations	   greater	   than	   Swf	   satisfy	   the	   Eq.	   7,	   in	  
contrast	   to	   fractional	   flows	   for	   saturations	   less	   than	   Swf	   that	   do	   not	  
satisfy	  [15].	  

From	   Figure	   10,	   the	   flood	   front	   saturation	   or	   water	   saturation	   at	  
breakthrough	   (Swf)	   is	   0.665	   and	   the	   average	   water	   saturation	   at	  
breakthrough	  (𝑆!")	  is	  0.669.	  If	  the	  tangent	  construction	  is	  correct,	  the	  
values	  of	  Qi	  from	  Eq.	  17	  and	  Eq.	  29	  will	  be	  the	  same	  [14].	  

𝑄! = 𝑆!" − 𝑆!" 	   (29)	  

	  If	  the	  values	  are	  different,	  a	  trial-‐and-‐error	  procedure	  is	  used	  to	  find	  
the	  𝑆!" 	  that	  satisfies	  both	  equations	  

[14].	  

This	  step	  requires	  zooming	  the	  plot	  from	  Figure	  10	  within	  the	  intervals	  
water	   saturation	   at	   breakthrough	   (Swf).	   The	   performance	   after	  
breakthrough	   is	   determined	   by	   selecting	   values	   of	   water	   saturation	  
greater	  than	  0.665,	  Swf,	  (replaced	  by	  Sw2)	  and	  determining	  fw2	  and	  fw2’	  
for	   each	   Sw2	   by	  drawing	   tangents	   to	   expanded	   fractional	   flow	   curve.	  
Figure	  11	  is	  an	  example	  of	  reading	  one	  point	  from	  the	  expanded	  plot.	  

	  

	  
Figure	  11:	  Expanded	  water	  fractional	  flow	  curve	  and	  extrapolation	  of	  
the	  tangent	  to	  fractional	  flow	  curve	  	  for	  computation	  of	  performance	  

after	  breakthrough	  
	  

Using	   the	  approach	  of	   Figure	  10,	   the	   values	  of	  water	   saturation	  and	  
water	   fractional	   flow	   after	   breakthrough,	   are	   determined	   from	   the	  
tangent	  line	  (Figure	  11).	  These	  values	  can	  be	  replaced	  by	  Sw2,	  fw2,	  𝑆!!	  
as	   described	   in	   the	   previous	   section.	   Each	   saturation	   advances	   into	  
the	  system	  at	  a	  rate	  in	  direct	  proportion	  to	  dfw/dSw.	  

The	  results	  of	  the	  calculated	  saturation	  profile	  for	  given	  oil	  viscosity	  (a	  
light	   oil	   reservoir)	   are	   illustrated	   in	   Figure	   12.	   The	   saturation	   front	  
from	   the	   plot	   moves	   with	   a	   constant	   speed	   toward	   the	   production	  
site.	  Although	  there	  is	  a	   large	  amount	  of	  residual	  oil	   in	  the	  reservoir,	  
water	  displaces	  most	  of	  the	  mobile	  oil	  [16].	  
	  

	  
Figure	  12:	  Displacement	  of	  light	  oil	  calculated	  by	  the	  frontal	  advance	  

equation.	  
	  

The	   equations	   17	   –	   19	   are	   used	   to	   compute	   the	   quantity	   of	   water	  
contacted	  pore	  volumes	  (Qi),	  the	  time	  and	  cumulative	  oil	  production.	  
The	  oil	  flow	  rate	  is	  estimated	  using	  Eq.3.	  	  

The	  plot	  illustrated	  in	  Figure	  13	  is	  the	  oil	  flow	  rate	  and	  cumulative	  oil	  
production	  as	  a	  function	  of	  time.	  The	  sharp	  drop	  of	  oil	  flow	  rate	  curve	  
represents	   a	   breakthrough	   time	   of	   the	   reservoir.	   Since	   flow	   rate	   is	  
related	  to	  water	  cut	  (fw)	  Eq.	  3,	  the	  frontal	  advance	  solution	  drops	  the	  
fractional	  flow	  of	  oil	  at	  the	  point	  of	  breakthrough	  from	  1	  to	  1	  –	  fswf.	  
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Figure	  13:	  Displacement	  from	  frontal	  advance	  solution.	  

	  
Cumulative	  oil	  production	  at	  the	  breakthrough	  can	  be	  estimated	  using	  
Eq.	  10:	  	  

𝑁! =
300×1000×20×0.15 0.699 − 0.363

5.615 	  

	  
𝑁! = 53  856  𝐵𝐵𝑙𝑠	  

	  

	  

The	  time	  to	  reach	  the	  breakthrough	  is	  estimated	  using	  Eq.23:	  

𝑡!" =
𝑆!" − 𝑆!"
1 − 𝑓!"

𝑉!
𝑞!
	  

	  

  𝑡!" =
0.699 − 0.665
1 − 0.899

300×1000×20×0.15
338×5.615   	  

	  
𝑡!" = 159.6  𝑑𝑎𝑦𝑠	  

	  

	  

From	  Eq.	  22,	  using	  data	  from	  Figure	  10	  and	  the	  given	  physical	  values	  
(Table	  1),	  the	  estimated	  displacement	  efficiency	  (ED)	  of	  the	  reservoir	  is	  
0.53,	  or:	  

𝐸! =
0.699 − 0.363
1 − 0.363 = 0.53	  

	  
The	  graph	  of	  displacement	  efficiency	  for	  the	  investigated	  reservoir	  as	  
a	   function	   of	   time	   and	   at	   different	   average	   water	   saturation	   is	  
depicted	  in	  Figure	  14.	  This	  plot	  illustrates	  the	  increase	  of	  oil	  displaced	  
as	  the	  time	  progresses.	  

	  
Figure	  14:	  Oil	  displacement	  of	  the	  investigated	  reservoir	  versus	  time.	  

	  
A	  decrease	  on	  oil	  saturation	  was	  observed	  when	  there	   is	  an	   increase	  
in	  the	  number	  of	  water	  contacted	  pore	  volumes.	  This	   is	   illustrated	  in	  
Figure	  15.	   The	  water	   injected	   fills	  up	   the	  volume	  of	  pores	  displacing	  
the	  oil.	  	  

	  
Figure	  15:	  	  Oil	  saturation	  versus	  the	  number	  of	  waters	  contacted	  

pore	  volumes	  
	  
An	  additional	   study	  was	  performed	   for	  heavy	  oil	   (16	  cp)	  with	   frontal	  
advance	   equation.	   The	   water	   saturation	   profile	   was	   calculated	   and	  
plotted	   with	   different	   pore	   volume	   of	   contacted	   water.	   The	   results	  
presented	  a	  significant	  amount	  of	  mobile	  oil	  remains	   in	  the	  reservoir	  
after	  displacement	  (Figure	  16).	  

However,	  the	  effective	  saturation	  for	  this	  displacement	  is	   larger	  than	  
that	  for	  light	  oil	  [16].	  This	  type	  of	  oil	  requires	  additional	  action,	  thermal	  
Enhanced	   Oil	   Recovery	   (thermal	   EOR)	   to	   displace	   the	   immobile	   oil	  
trapped	  in	  the	  reservoir	  by	  capillary	  and	  viscous	  forces.	  

	  
Figure	  16:	  Displacement	  of	  heavy	  oil	  calculated	  by	  the	  frontal	  

advance	  equation.	  
	  

The	   drawn	   tangent	   of	  water	   fractional	   curve	   for	   heavy	   oil	   (16	   cp)	   is	  
illustrated	   in	   Figure	   17.	   The	   computed	   cumulative	   oil	   production	   at	  
breakthrough	  is	  41	  193	  BBLs,	  while	  time	  to	  reach	  the	  breakthrough	  is	  
estimated	   to	   be	   126.5	   days.	   The	   displacement	   efficiency	   of	   the	  
evaluated	  heavy	  oil	  is	  0.40	  or	  40%.	  

	  
Figure	  17:	  Fractional	  flow	  curve	  with	  tangent	  drawn	  to	  find	  water	  

saturation	  at	  breakthrough	  (Swf)	  for	  heavy	  oil	  (16	  cp).	  
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Table	  2	  summarizes	  the	  computed	  values	  of	  both	  light	  and	  heavy	  oil.	  
The	   studies	   illustrated	   that	   in	   light	   oil	   case,	   the	   advance	   of	   the	  
waterfront	   for	   the	  heavy	  oil	   reservoir	   is	   faster	   than	  that	   for	   the	   light	  
oil	  reservoir.	  These	  results	  are	  reflected	  in	  the	  shape	  of	  the	  fractional	  
flow	  curve	  of	  the	  reservoir	  oil	  (Figure	  10	  and	  17)	  or	  from	  the	  value	  of	  
breakthrough	  time	  as	  illustrated	  in	  Table	  2.	  

The	   cumulative	   production	   at	   breakthrough	   is	   approximately	   23.5%	  
more	   from	   the	   oil	   with	   2	   cp	   viscosity	   compared	   to	   the	   oil	   of	   16	   cp	  
viscosity.	  

Table	  2:	  Summary	  oil	  displacement	  for	  light	  and	  heavy	  oil	  
	  
Oil	  
Type	  

Viscosity,	  
cp	  

Displacement	  
Efficiency,	  %	  

Cumulative	  
Oil	  
Production,	  
BBls	  

Breakthrough	  
Time,	  days	  

Light	  
Oil	  

2	   53%	   53	  856	   159.6	  

Heavy	   16	   40%	   41	  193	   126.5	  
	  
Conclusions	  
The	  effect	  of	  water	  viscosity,	  oil	  viscosity,	  and	  dip	  displacement	  angle	  
on	   waterflooding	   performance	   was	   evaluated	   using	   the	   classical	  
frontal	  displacement	  theory.	  The	  horizontal	  fractional	  water	  flow	  was	  
deeply	   investigated	   and	   used	   as	   the	   base	   case	   of	   this	   study.	   The	  
displacement	  efficiency	  of	  the	  investigated	  light	  oil	   is	  13%	  more	  than	  
the	  value	  observed	  from	  the	  heavy	  oil.	  Water	   injection	  has	  no	  effect	  
for	   the	  horizontal	  water	   fractional	   flow	   curve	  once	   the	   capillary	   and	  
gravitational	   forces	  are	   ignored	  for	   this	  case.	  While	   for	  no	  horizontal	  
case,	  the	  higher	  the	  angle,	  the	  water	  fractional	  flow	  curve	  shifts	  to	  the	  
right	  in	  contrast	  to	  the	  downdip	  displacement	  flow,	  which	  shifts	  to	  the	  
left.	  	  
	  
Nomenclature	  
A	  =	  cross-‐sectional	  area	  
ED	  =	  displacement	  efficiency	  
fo	  =	  oil	  fractional	  flow	  
fo2	  =	  oil	  fractional	  flow	  at	  position	  x2	  
fSwf	  =	  water	  fractional	  flow	  at	  breakthrough	  
fw	  =	  water	  cut	  or	  water	  fractional	  flow,	  dimensionless	  
fw2	  =	  water	  fractional	  flow	  at	  position	  x2	  
g	  =	  gravity	  constant	  
k	  =	  absolute	  permeability	  
kro	  =	  relative	  permeability	  to	  oil	  
krw	  =	  relative	  permeability	  to	  water	  
L	  =	  length	  
Np	  =	  cumulative	  oil	  production	  
Npbt	  =	  cumulative	  oil	  production	  at	  breakthrough	  
pc	  =	  capillary	  pressure	  
Qi	  =	  cumulative	  pore	  volumes	  injected,	  or	  number	  of	  waters	  contacted	  
pore	  volumes	  
qo	  =	  oil	  production	  rate	  
qt	  =	  total	  flow	  rate,	  total	  injection	  rate	  or	  total	  production	  rate	  
qT	  =	  total	  pumping	  rate	  of	  oil	  and	  water	  
qw	  =	  water	  production	  rate	  
So	  =	  oil	  saturation	  
Sor	  =	  residual	  oil	  saturation,	  fraction	  
Sw	  =	  water	  saturation	  
Sw	  =	  water	  saturation,	  fraction	  
SwD	  =	  dimensionless	  water	  saturation	  
Swf	  =	  water	  saturation	  at	  breakthrough,	  fraction	  
Swi	  =	  initial	  water	  saturation,	  fraction	  
𝑆!"=	  average	  water	  saturation	  at	  breakthrough,	  fraction	  
Vp	  =	  pore	  volume	  
Xf	  =	  dimensionless	  distance	  of	  the	  displacement	  front	  

α	  =	  dip	  angle	  
Δρ	  =	  water	  –	  oil	  density	  differences	  
μo	  =	  oil	  viscosity	  
μw	  =	  water	  viscosity	  
ρo	  =	  oil	  density	  
ρw	  =	  water	  density	  
Ф	  =	  porosity,	  fraction	  
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